Abstract. In this work we extend and apply a previous proposal to construct a noncommutative version of the Friedmann equations for the flat FRW model in the presence of a free scalar in the effective scheme of loop quantum cosmology. Noncommutativity is implemented, separately, between the variables of the configuration sector and between the variables of the momentum sector. We found that for both cases the Friedmann equations get noncommutative corrections. Also, we are able to find analytical solutions for the noncommutative equations of motion for the momentum sector case. We show that the volume of FRW universe preserves the bounce and grows slower that its commutative counterpart; furthermore, by employing the exact solutions obtained, it is explicitly shown that the energy density profile does not depend on the noncommutative parameter. Finally, it is found that the presence arXiv:1904.01212v1 [gr-qc]
Introduction
It is believed that the correct description of the early universe should be given by quantum gravity. Up to now, one of the most promising candidates to do just that is loop quantum gravity (LQG) [1, 2] . The LQG scheme aims at full non-perturbative background independent quantization of general relativity (GR). Carrying out a task of this caliber entails some drawbacks. One would expect that the application of LQG, in a certain regime, would allow us to elucidate intuitively some of the physical properties that could emerge from this quantum geometry, regrettably, this is not possible at present.
Applying the techniques of LQG to the cosmological scenario results in a framework known as loop quantum cosmology (LQC) [3, 4] . LQC follows closely the ideas LQG to construct quantum cosmological models taking advantage of the high symmetry of this spacetimes, and since spatial homogeneity reduces the infinite number degrees of freedom to a finite one, carrying out the quantization of this models simplifies in great deal. The endeavour of quantizing cosmological spacetimes goes back to Wheeler and DeWitt with their pioneering work on canonical quantization [5, 6] . In the last decade or so, LQC has had great success on quantizing these type of cosmological models (minisuperspace models), and has answered fundamental questions that the classical theory is not capable of doing. It has been shown that as consequence of the underlying quantum geometry, the loop quantization of the FRW models exhibit a bounce alleviating the problem of the cosmological singularity [7] .
Despite the enormous progress that LQC has had, technical difficulties still remain as a consequence of loop quantization. To avoid this setback and still be able to study the effects of loop quantum corrections in cosmological models, effective equations based on geometrical formulations of quantum mechanics have been employed [8] . Also, numerical analysis using the effective dynamics for the FRW with a free scalar field and the anisotropic vaccum Bianchi I models have been studied, giving support to the fact that key features of the quantum evolution are maintained [9, 10] .
On the other hand, the noncommutativity paradigm was revived at the end of the 20th century, mainly due to developments in string theory [11, 12] , after a long period of lethargy from the first time it was introduced [13] . Although the first works on noncommutative field theory were in connection with Yang-Mills theories, a short time later, proposals for noncommutative gravity models were constructed [14] . Ultimately, all noncommutative theories of gravity share a common issue, they are highly nonlinear, and solutions to the noncommutative equations of motion are technically difficult to obtain. It is believed that noncommutativity could play an important roll in the evolution of the very early universe, making them worthy to investigate. Two seminal works led the pace concerning noncommutative cosmology. The first one was prensented in [15] , in this investigation the authors introduced the Moyal product of functions in the Wheeler-DeWitt equation for the Kantowski-Sachs cosmological model, and argue that noncommutative deformations affects the commutative fields and the effects of the full noncommutative theory of gravity should be reflected in the minisuperspace variables. The second one was introduced in [16] , in this work, noncommutative deformations are studied at the classical level in the phase space for the Kantowski-Sachs model, obtaining classical noncommutative equations of motion. Following this philosophy, a noncommutative version of the Friedmann equations, in the minisuperspace, is obtained in [17] , they study the phenomenological viability of the FRW model with a scalr field; another interesting investigation is presented in [18] , in this work the authors explore a deformation of the minisuperspace (classically and quantically), in the gravitattional and matter sectors, and found the presence (in the classical case) of a mechanism that ends inflation.
Recently, in [19] a construction between noncommutativity and effective loop quantum cosmology was presented. This was done for the flat FRW model with a free scalar field. It is shown that noncommutativity in the momentum sector has more compatibility than its configuration sector counterpart, in the sense that different features of LQC, like maximum value of the energy density, are retain. In this work, we apply and extend the construction made in [19] . We are able to obtain a noncommutative version of the Friedmann equations when noncommutativity is introduced, fisrt, in the configuration sector and then in the momentum sector. In the latter sector, analytical solutions for the noncommutative equations of motion are calculated, and it is found that the volume for the FRW universe preserves the bounce and has a slower growth than its commutative analog; also, the energy density profile is explicitly derived, and with the help of solutions obtained, we show that it does not depend on the noncummutative parameter. This conclusion was also reached in [19] , but different arguments where given. Finally, we find that due to the presence of noncommutativity an effective scalar field is induced, giving rise to an accelerated universe, making the study of a possible inflationary period compelling.
The manuscript organized as follows: In section II we breafly introduce the effective scheme of loop quantum cosmology for the flat FRW model with a free scalar field. In section III, solutions to the noncommutative equations of motion are presented (configuration and momentum sector cases), from which, we are able to construct the noncommutative version of the modified Friedmann equations (for each case). Also, we explore the possibility of having inflationary epoch due to the emergence of a effective scalar field. Finally, section IV is devoted for discussion and outlook.
Effective Loop Quantum Cosmology
The accurate description of loop quantum cosmology is given by a difference equation, rather than a differential equation, due to the fact of the underlying quantum geometry. Performing calculations, even in the simplest models, is not an easy task. This complications have resulted in finding a framework in which physics can be extracted [8] . It turns out that for states resulting in macroscopic universes at classical scales, an effective spacetime can be obtain and the equations that describe it are a modified version of the classical Friedmann equations. Numerical simulations had shown [20] [21] [22] , that this effective description is an excellent approximation of the underlying quantum theory for homogenous isotropic [9] and homogenous anisotropic universes [10] .
The fundamental classical phase space variables in LQG, are the SU (2) AshtekarBarbero connection A i a and the conjugate densitized traid E a i . For a homogeneous and isotropic cosmological model, the only relevant constraint is the Hamiltonian constraint, whose vanishing gives the physical solutions. The gravitational Hamiltonian is given by [4] 
where γ is the Barbero-Immirzi parameter, N the lapse function, F i ab is the field strength of the connection A i a , E the determinant of the densitized triad and the integral is taken over a fiducial cell V. The imposition of isotropy allows the connection and triad to be described by parameters c and p, respectively, defined by A 
where this new conjugate pair satisfies {β, V } = 4πGγ. From Hamiltonian (1) it can be obtained an effective Hamiltonian for the flat FRW model with a massless scalar field as the matter content, where the holonomy correction due to quantum gravity effects are coded in β → sin(λβ)/λ, where λ 2 = 4 √ 3πγ 2 p is the smallest eigenvalue of the area operator in the full LQG [2] . The resulting effective Hamiltonian is given by [23] 
As mention above, physical solutions satisfy the Hamiltonian constraint H ef f ≈ 0, which yields
where, from here on, the lapse function has been set to one (a careful analysis of this choice is presented in [23] ). From the effective Hamiltonian (3), we can calculate the field equation for
with this equation at hand and the Hamiltonian constriction (4), it is simple to construct the modified Friedmann equation (H =V /3V ) [21, 24] 
where
2 ) sin 2 (λβ) and ρ max is the maximum value that ρ can take, that is, ρ max = 3/8πGγ 2 λ 2 . The turning points of the volume function occur at β = ±π/2λ, which correspond to a bounce. It can be seen from equation (6) that the Friedamnn equation incorporates holonomy corrections due to LQG and in the limit λ → 0 (no area gap) the ordinary Friedmann equation is recovered H 2 = (8πG/3)ρ. In a similar manner, the acceleration equation (also known as the Raychaudhuri equation) can be obtained from the field equation for β, which yields [21] 
Noncommutative Friedmann Equations
The ultimate goal of quantum gravity is to be able to describe the behavior of the universe at very short distances/early times. But, as already mention, up to now, there in not a successful quantum theory of gravity available. A possible way to study the quantum cosmological effects its through quantum cosmology. In this framework the gravitational and matter variables have been reduce to a finite degrees of freedom; and for homogenous cosmological models the metric only depends on time which gives a model with a finite dimensional configuration space known as minisuperspace [25] . An alternative approach to study quantum mechanical effects is to introduce deformations to the phase space of the system. This particular way of quantizing is part of a complete and consistent type of quantization known as deformation quatization [26] . On the other hand, it is believed that noncommutativity could have played a significant role in the evolution of the universe at very early times, making noncommuatative cosmological models a very attractive scenario to test noncommutativity. According to the phase space deformation procedure, the deformation is coded in the Moyal brackets {f, g} α = f α g − g α f , where the product between functions is replaced by the Moyal product (f g)(x) = exp
where θ ij and η ij are antisymmetric and represent the noncommutativity between the coordinates and the momenta, respectively.. The resulting α-deformed algebra for the phase space is
It follows that making a transformation to the phase space variables {x, y, P x , P y }, one can arrive at an algebra similar to (9) , namelŷ
where it has been consider that θ ij = −θ ij and η ij = η ij . Calculating the Poisson brackets with the above relations, results in
where σ = θη/4. As can be seen, the resulting algebra (11) and (10) are the same, but the first ones are the usual Poisson brackets and the latter are the α-deformed ones. In this investigation we will be working with the transformations (10), given that it is possible to formulate a Hamiltonian, which is analogous to the canonical one, but valued in the variables that obey the modified algebra (11) . Otherwise, if the α-deformed algebra is applied to a given system characterized by a canonical Hamiltonian, it would result in a different Hamiltoinian, given rise to different equations of motion.
NC in the configuration sector
We would like to begin this section by implementing the deformed algebra on the the effective Hamiltonian that describes the flat FRW model with a free scalar field. To accomplish this, let's consider
with the remaining brackets being zero. To above algebra is fulfilled by the variables
where a and b, are related to each other by 4πGγb − a = 1. As stated at the end of the last section, to study the effects of this noncommutativity, we are going to work with the Hamiltonian (3), but valued in the shifted variables (13) , that is
Now, is pretty straightforward to obtain the equations of motion for this noncommutative effective Hamiltoniaṅ
whose solutions are given by
where C 1 , C 2 and C 3 are integration constants. The effective Hamiltonian (14), the equations of motion (15a -15d) and solutions (16a -16d), had already been presented in [19] , as well as a detailed analysis of the solutions. Here we consider them, to build the noncommutative version of the Friedmann and the Raychaudhuri equations. Considering the last set of equations, we can construct the energy density profile, which is now given by
it can seen that this quantity gets modified by the presence of noncommutativity. In the limit θ → 0 we recover the standard LQC energy density profile. The maximum value of equation (17) is [19] . The shape of the density profile differs more from the one in standard LQC as θ takes on larger values.
From equations (17) and (16a -16d), we find that the modified Friedmann equation with noncommutative corrections takes the form
and the modified Raychaudhuri equation incorporating noncommutative corrections is
Equations (18) and (19) have the correct limit when θ → 0, and we obtain the modified Friedmann equations (6) and (7).
NC in the momentum sector
In this section we are going to procede in a similar manner as in section (3.1). As already mention, part of this treatment was already presented in [19] , but solutions to the noncommutative equations of motion were not presented. In this work, we are able to find analytical solutions for the noncommutative equations of motion, and construct the noncommutative version of the Friedmann equation. To study the effects of noncommutativity in the momentum sector for the flat FRW model with free scalar field in the effective LQC, one starts considering the deformed algebra
with the remaining brackets being zero. The above relations can be implemented working with the shifted variables
where a and b satisfy the relation a − 4πGγb = 1. The effective Hamiltonian (3) valued in the variables (24), takes the form
and the noncommutative effective field equations arė
in the limit θ → 0 we recover the commutative field equations. The equation for β(t) is the same as in standard loop quantum cosmology, which enables us to obtain analytical solutions of the remaining equations of motion. The volume for FRW model in this setup now is given by
C 1 being a constant coming from integration. We can observe that the volume gets modified by the presence of noncommutativity, in contrast for the solution for β. This modification causes the volume of the FRW universe to have a slower growth as θ takes larger values, as shown in Figure 1 . For φ(t), we have
we can see that φ(t) does not depend on the noncommutative parameter. With this solutions at hand, the energy density profile ρ = (φ) 2 /2 can be obtain. Figure 2 , shows that the behavior for ρ is the same as in LQC as well as the maximum value that can take. The same conclusion was made in [19] , but different argumernts were given. From the field equation for the volume and the effective Hamiltonian constraint (H nc ef f ≈ 0), we are able to construct a Friedmann equation that incorporates the quantum corrections, as well as the noncommutative ones, which reads
and
where C 1 is an integration constant. For the case of the noncommutative Raychaudhuri equation, despite having the solutions to the noncommutative equations of motion, we were not able to write it in a compact form. However, it is easy to check that from the acceleration equation
when taken the limit θ → 0, equation (7) is recovered. When implementing relations (24) to the Hamiltonian (3), we can argue that noncommutativity induces an "effective potential" within the free theory. Establishing that identification, and since solutions for the field equations are now available, it would be interesting to investigate if this potential is capable to originate an inflationary period. We start by rewriting equation (32) in the following form
where ≡ −Ḣ/H 2 is the Hubble slow roll parameter. It is well known that in an inflationary period the slow roll parameter satisfies: < 1. Figure 3 shows the dynamical behavior of , and it can be seen that the slow roll parameter meets this condition, nonetheless, the fulfillment of this requirement does not necessarily guarantee inflation. Also, we can observe that we have an accelerated universe, that is,ä > 0 (for early times). In order to have a deeper understanding of this analysis, we calculated the e-foldings, N (t), which are giving by
(34) Figure 4 shows the number of e-foldings for the model. From the figure, we can observe that, for early times, the e-foldings are less that one. In the literature, it is well documented that a universe that undergoes an inflationary phase must havce at least N (t) ≈ 60 [27] , thus, our model is far from an inflationary stage. 
Discussion and Outlook
In this work we have obtain the noncommutative version of the modified Friedmann equations for the flat FRW model with a free scalar field in the effective loop quantum cosmology scheme, following closely the construction made in [19] , first for the configuration sector and then the momentum sector case. Solutions to the noncommutative equations of motion, for the momentum sector, are presented. Also, the possibility of inflation is explored, calculating the slow roll parameter and the e-foldings N (t). We have shown that when noncommutativity is present between the configuration sector variables, β and φ, it is possible to construct a noncommutative version of the modified Friedmann equation as well as the Raychaudhuri equation, given by (18) and (19) respectively. When the limit θ → 0 is taken in the noncommutative version of the modified Friedmann and Raychaudurhi equations, the correct limit is obtained, resulting in equations (6) and (7) .
For the case of noncommutativity in the momentum sector, solutions to field equations (26a -26d) are presented. It is shown from the solution for V , that the presence of noncommutativity preserves the bounce and makes the volume to grow slower, as depicted in Figure 1 . The solution, for the scalar field shows that is independent of the noncommutative parameter, as seen in Figure 2 , supporting the fact that the energy density profile is the same as in standard loop quantum cosmology, as previously pointed out in [19] . A noncommutative version for the Friedmann equation is also obtained, given by equation (29), and has the correct commutative limit. For the case of the noncommutative Raychaudhuri equation, could not be obtained compactly. Nonetheless, when θ → 0 is taken, equation (32) reduces to the commutative one, equation (7) . We show, that when noncommutativity is present in the momentum sector, an effective scalar potential arises. This opened the possibility to investigate if this effective scalar potential could produce an inflationary stage; for this, we first calculate the Hubble slow roll parameter and then the number of e-foldings N (t). In figure 3 , it is shown that the slow roll parameter satisfies the condition < 1, in addition, it is seen that our universe experiences an accelerated expansion. Next, we calculated the number of e-foldings, N (t), to have a better understanding if this process could occur. We found that, for early times, this number is less than one, which is not enough to have an inflationary period. Although the presence of noncommutativity gave us an accelerated universe, at the same time makes the volume of the universe to slow down.
Research of an FRW universe with a massive scalar field in this noncommutative construction of LQC will be presented elsewhere.
